
More on conservative vector fields
Based on lecture notes by James McKernan

Definition 1. A region D ⊆ R2 is convex if for every p, q ∈ D the line segment pq
is in D.

A region D ⊆ R2 is star shaped if there exists a point p ∈ D such that for every
q ∈ D the line segment pq is in D.

Theorem 2. If D ⊆ R2 is star shaped and ~F : D → R2 is a C∞ vector field in D

then ~F is conservative if and only if ∂F1

∂y = ∂F2

∂x .

The condition on the partial derivatives can be thought of as saying that ~F has
zero curl.

Proof. We already saw that every conservative vector field has zero curl. We also
saw that this is not true in general, and so we will need the star shaped property
to prove the other direction.

Define f : D → R by

f(q) =

∮
pq

~F · d~s,

where pq is oriented from p to q. Let’s compute ∂f
∂x . Let q′ = q + hê1. Then

∂f

∂x
(q) = lim

h→0

f(q′)− f(q)

h

= lim
h→0

∮
pq′

~F · d~s−
∮
pq

~F · d~s
h

.

Since ∂F1

∂y = ∂F2

∂x , it follows from Green’s Theorem that∮
pq′

~F · d~s =

∮
pq

~F · d~s +

∮
qq′

~F · d~s.

So we get

∂f

∂x
(q) = lim

h→0

∮
qq′

~F · d~s
h

= F1(q).

Similarly, ∂f
∂y (q) = F2(q). Hence ~F = ∇f and ~F is conservative. �

Definition 3. Let ~F : U −→ R2 be a vector field. Define another vector field by
the rule

~F ∗ : U −→ R2 where ~F ∗ = (−F2, F1).

Theorem 4 (Divergence theorem in the plane). Suppose that M ⊂ R2 is a smooth
2-manifold with boundary ∂M .

If ~F : U −→ R2 is a smooth vector field, then∫∫
M

div ~F dA =

∫
∂M

~F · n̂ds,

where n̂ is the unit normal vector of the smooth oriented curve C = ∂M which
points out of M .
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Proof. Note that

curl(~F ∗) = div ~F ,

and
~F ∗ · d~s = (~F · n̂)ds,

and so the result follows from Green’s theorem applied to ~F ∗. �


